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The Galerkin method is used to obtain a finite element solution to the Vlasov-Poisson
equations over the two-dimensional (x, ») phase plane using bilinear element shape functions.
A set of linear equations for updated values of the distribution function is obtained in which
time-dependent and time-independent coefficients are separated to reduce the computation
involved. The noise levels are low and the energy conservation good. The finite element
approach offers certain advantages over alternative methods in applications to problems in
plasma physics. In particular, the flexibility in using elements of different size allows problems
in which regions of the plasma are characterized by often widely differing scale lengths to be
treated efficiently. © 1988 Academic Press, Inc.

1. INTRODUCTION

Numerical solutions of the Vlasov-Poisson system of equations to address
problems in plasma physics have become commonplace since the early attempts by
Dawson, Knorr, and others more than twenty years ago [1, 2]. Much attention has
been given to finite difference methods [1-6] although waterbag models [7] have
been widely used and with some success in view of their simplicity. In addition to
these, transform [5, 6] and splitting [4] methods are important too, the latter in
particular being both efficient and accurate for a range of problems.

Correspondingly, less work has been done using finite element methods [8] even
though these might be expected to possess advantages over the others for certain
classes of problems. In particular, one would expect low noise levels and accurate
energy conservation and, by using elements of varying size, hope to deal efficiently
with those problems such as plasma sheaths where, within the sheath, parameters
vary rapidly compared with their behaviour in the bulk plasma. On top of these
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advantages the method is well suited to handling complicated boundaries which
may arise in many practical applications.

With this in mind we have developed and tested a finite element approach to the
numerical solution of the Vlasov—Poisson system. We integrate the Vlasov equation
over phase space by a method that is second order in the time step. In Section 2 we
present the normalized equation to be solved by the finite element method subject
to the boundary conditions introduced in Section 3. A solution of Poisson’s
equation is given in Section 4 and this is later used in Section 6 to reduce. the
amount of computation required. The process of matrix assembly and storage is
described in Section 5. Tests used to validate the numerical method cutlined in this
paper are detailed and discussed in Part IL.

2. A FiNiteE ELEMENT SOLUTION TO VLASOV’S EQUATION

We begin by normalizing the single species one-dimensional Viasov-Poisson
system describing the physics of the plasma electrons

of of e of
E‘f'vb;—mEé;——O
a——E= —4np =4re [no—ro fdv],
0x e

where f(x, v, ¢} is the electron distribution function, E is the electric field, and ¢ and
m are the electron charge and mass, respectively. The charge density in the plasma
is p(x, r) with electron density N (x, t)=[*_ f(x, v, t) dv, whereas the ions provide
a uniform neutralizing background with (average) number density n,. The electron
velocities v are selected from the Maxwellian distribution

N,(x) v?
v)= expl| —=—=
) 2, Xp[ ZVZ]’

where V,=(xT,/m,)** is the electron thermal velocity and T, is the electron
temperature. The Debye length 1, = (xT,/4nn,e?)"”* and the plasma frequency
o, = (4nn,e?*/m)"/* have been used to scale the quantities appearing in the Viasov-
Poisson system so as to produce a non-dimensional set of equations. The spatial
coordinate x has been normalized to 4,, time ¢ to 1/w,, velocities to V (=4,0,),

the electric field E to 4nn,., and the distribution function to N/V,. With this
scaling the Vlasov—Poisson equations take the form

o o o

S v —Ez-=0, (1)
OF 0

5)—C=1—fwfdu. (2)



186 ZAKI, GARDNER, AND BOYD

We shall assume that the one-dimensional system is of length L and will allow
velocities in the range [v| < v,,,,. The computational domain is therefore a rectangle
in the x, v phase plane bounded by the lines x=0, x=L, v= +v,,,. This region is
to be divided into rectangular finite elements [9] and the distribution function will
be represented by

Se(x, v, £)=N(x,v) f‘*(t)_ 3)

for each element e, where N°(x, v) are the shape functions and f¢(¢z) the vector of
nodal values for the element at time . Substituting into (1) we obtain, for each
element,
off - dN° oN*
Ne— fe— Ef—f~. 4
ot +v Ox ov @

Using Galerkin’s method [9], with the shape function N° as weight functions we
find for each finite element of area R,

ot
Ko+ LT+ M), (5)
where
K= j NN¢ dx dv (6)
R,
Le=j N I )
R, 0x
and
ON*
Me(t) = — j N E<(4) die db. (8)
R, ov

The matrix M*, however, depends on time through the electric field E* and so must
be recalculated at each time step. A way of avoiding much of this computation will
be discussed in Section 6.

If all functions are expressed in normalized local coordinates (£, 1) 0<¢, <1
with origin at the lower left hand corner (x,, v,) of an element of sides (a, b) we
have, for bilinear interpolation over the element shown in Fig, 1 the shape functions

91,
NG n) =L =&)L —n), n(1 &), &1 —n), énl. ©9)

The element matrices then become

1 p1
Kezabf f NYN° dE dy (10)
0 Y0

. Ll AN
L _bfo fo NS (w0 -+ bn) € d (11)
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F1G. 1. Normalized co-ordinates for a rectangular finite element with nodal points 1, 2, 3, and 4
located at its corners.

and

1 r1 ON¢
M8=—aj j N O pe e an. (12)
0 Yo 571

After assembling the contributions for all elements we obtain the set of ordinary
differential equations

K+ LE+ M(£)f=0, (13)

where K, L, M have been constructed from the element matrices K°, L¢, and M°,

respectively, and f is the total vector of nodal values for the distribution function.
We now linearly interpolate the distribution function between two adjacent time

levels n and n+ 1 by writing the time variation of the distribution function as

fr 1
F=L(1 =) 7] [f] (14)

where 7 is related to the time t by 1= (r+ 1) 4t with 0 <1 < 1. Differentiating with

respect to ¢t we obtain
. 1 -
f=z;(~1,1)[fn+l].
Hence (13) can be written as
K +1 7 +1 7t 7+ 1
E(f" )+ L[A -1} + " ]+ MO - "+ J=0.  {15)

The values of the parameter =0, 1, and 1 correspond respectively to forward,
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Crank-Nicholson, and backward difference shcemes. Setting v =1 and averaging f
using

f""’ 172 __ %(f’”' 1 + fn)’
(15) takes the form

Aii'(fn+1_fn+1/2)+§;(fn+1/2—fn)+Lfn+1/2+Mn+1/2fn+l/2=0‘ (16)

Instead of solving (16) as it stands, we solve an equivalent system of equations
[9, 10]
K

= (R LR =0 (17)

%(fn+1__fn+1/2)+Mn+1/2fn+1/2=0_ (18)

The results of which will be an approximate solution for Eq. (16). Note that any
solution which satisfies (17) and (18) will also satisfy (16), though the converse is
not valid.

Equations (17) and (18) can be written in an implicit form for f**'2 and f"*! as

K
n+1/2=fn
[—AI+L:If (19)
K K
—Atf"+1=[—M"“/2+—m] fr+12 (20)

It is this system that we shall solve numerically. Various methods were tried, in the
end we adopted Gauss—Seidel as being the most convenient.

The present paper thus solves the free streaming equation in x and the
acceleration equation in v separately by implicit difference schemes. The method is
related to the splitting scheme proposed by Cheng and Know [4], who solved the
split equations by an interpolation approach in which no time differencing was
used.

3. THE BoUNDARY CONDITIONS

In many problems in plasma physics we wish to study phenomena over extensive
regions of plasma. This is not usually possible numerically without making use of
spatially periodic boundary conditions, and in the first instance we have followed
this approach. In velocity space we must ensure that the region is wide enough to
encompass all but a vanishingly small part of the distribution function at all times
during the computer run. If this is satisfied we can set f=0 at v= tov,,,.
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Fi6. 2. An example of a phase plane divided into 30 elements with NHE =35 and NVE =6, under
periodic boundary conditions in the x-direction.

The boundary conditions just discussed are enforced by an appropriate node
numbering scheme. This is illustrated in Fig. 2 where the plane has been divided
into 30 elements with 5 in the x direction and 6 in the v direction.

The periodic boundary condition is obtained by giving the nodes along the right-
hand boundary the same numbers as those along the left: The f'=0 condition along
the upper and lower boundaries is obtained by eliminating nodal variables f5 to
Jf51 from (13} and also dropping Egs. (26)-(32) from the set of 31 equations that
(13) represents.

4. THE SOLUTION OF POISSON’S EQUATION

We now turn our attention to setting up a numerical solution to Poisson’s
equation in the form

QE_—_ i _rmax

= fx,0,1) ds, (22)

= Umax

where the electric field F is a function of x and 7 only.

Consider Fig. 2 and let us evaluate (2a) at a point x lying within 0 <x <, ie.,
within the first column of elements. Suppose now instead of there being 5 internal
nodes along the v direction we have M. Then this first column of elements and their
nodal numbers is illustrated in Fig. 3.

In terms of (local) normalised coordinates (¢, r]) (2a) becomes, for a fixed point &
lying within the first column of elements,

1
JaE=1-b Y fN,.ffdn. (21)

elements “0
in column 1



190 ZAKI, GARDNER, AND BOYD
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Fi1G. 3. The first column of elements from Fig. 2. Local normalized coords ({5) vary 0<¢<1,
0<#n <1, over each element. The boundary nodes are shown but not numbered.

The integration with respect to x then involves only the first column of elements,
shown in Fig. 3. These elements have nodes numbered 1 to 2M.

We now examine the contribution of the nodal point (i + 1) to the integral. From
Fig. 3 it is clear that the nodal point (i + 1) contributes to the integration over the
two elements e, and e, in the following manner: over the element e;(1 — &)[1/7, ;]
and over the element e,(1 —¢)[1—1] /7, ,. So the total contribution of the nodal
value (i+1) to the integral is (1—¢)f¥, ;. The nodal value (M +i+ 1) contributes
to the integral in Eq.(21) as follows: {&f%, . ., over the element e, and
¢E[1—31f% ;. over the element e,, so that the contribution of node (M +i+1)
in the x direction is &%, , ;. ;.

Now, since f; is zero on v = +v,,,, only interior points contribute to the integral.
Hence we can write the integral in (21) in the single form

—1 2M—1
Y [ra-a-9" PWALIN (22)
all elements * 0 M+2
in column 1
and then Poisson’s equation takes the form
106E M-t
S o-1- [(1—5) Z e 3 | (23)
i=M+2

Note that 0FE/0¢ is linear in ¢ and independent of # and remember that it is valid,
only, over a single strip of finite elements—the first column in Fig. 2.
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Let us now integrate in the & (or x) direction to determine E. Integration over
strip 1 leads to

1 1 M~1 1 2M -1 7
ste@-ron=e-s[[e-32| T seze 3 s e

i=M+2

or simply at the right hand, where ¢ =1,

M—1 2M— 1
STEO-EOI=1-b|5'S fir3 T |

i=M+2

(25)

Similarly, rewriting (23) for the 2nd strip and integrating with respect to ¢ gives

1 1 2M—1 ) 3IM—1
HE G| LR IS VAV RS S ]

i=M+2 i=2M+2

or at the right-hand node where ¢ =1 again
1 1 M- 1 1 M- 1
LED-ENI=1-8(3 T Sz T 4]

21 M+2 i=2M-+2

Using (25) this gives

1 1M 2M -1 3M 1
LB -EON=2-b[3 3 b T S5 L A @9
Introducing the notation
(J+OM—1
="y /. @
we have
1E1 E(0))=1 blFO 1F1
B~ EO)=1-b| 3 FO)+3 701 |
le—(E(2)—E(O))=2—~bBF(O)+F(1)+%F(2)} (28)

%(E(n——l)—E(O)) (n—1)— b[ FO)+ F(1)+ - +F(n—2)+—12-F(n—1)].,

Values of the electric field at grid points lying along the x-direction are
determined once the value of E(0) is known. We shall use the condition commonly

581/79/1-13
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used in periodic electrostatic codes, that the average value of the electric field is
zero. Hence summing over all grid points we have

1 n—1 .
- [EO E(z)—nE(O)]

—1
=Y i—b [ET (F(0)+ F(1))

i=1
n—

+t

2(F(1)+F(2))+ ---%(F(n—Z)ﬁ—F(n—l))}, (29)

where n the total number of nodes in the x-direction.
We now require that the average value of the electric field be zero, that is
> "~ E(i) =0 which can be used in (29) to determine E(0) through

E(0) =A—14 {f Bi)—a ¥ i+ab [f’-%—l- (F(0) + F(1))
i= 1

0 i=

+11—;—E(F(1)+F(2))+ +%(F(n—2)+F(n—1))]} (30)

in terms of the known quantities F(J).

Now that E(0) has been determined, we can evaluate the nodal values of the
electric field, that is E(1), E(2), .., E(n— 1), by substituting E(0) into (28). From
(24) we can see that over each element the electric field varies quadratically in the
x-direction. Therefore, if we seek to express this in finite element form we have three
unknown parameters in each trial function which we will have to e¢valuate using
three nodal variables for each element. For the rectangular element and an electric
field which varies only in the x-direction we proceed by taking the electric field to
be of the form

Ef(¢)=a;+ 0y ¢ + a3 &

It is convenient to replace the constants «;, a5, ®; by nodal values of the electric
field. Taking equally spaced nodes in the element at ¢ =0, , 1 so that the nodal
values of the electric field are E,, E,,, E; produces a vector of nodal parameters

E,
o=\ Ey
E,
in terms of which the electric field is
Ey
E(8)=[1—-35+28%46—48%, —E+ 281 Eop| - (31)

E,
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We need, therefore, to know the values of the electric field at the points £ =0, £ =1,
E=1 over each strip. For the first strip E,= E(0), E, = E(1) have already been
determined in (30) and (28) and we can use (24) to evaluate the third nodal
parameter E,, = E(}) as

E(})=E@0)+a [% ——g— (3F(0)+ F(l))].

An extension of that equation enables us to determined the field at the midpoint of
each strip as

E[zj;1J=E(i)+“[%_§(3F(i)+F(i+1))]’ i=0,1,..,n (32)

An expression for the distribution of the electric field over each element, of the form
{31), has therefore been set up. This will be used later to enable us to reduce the
amount of computation required at each time step.

5. THE ASSEMBLY PROCESS

In this section we discuss how the differential equations governing the whole
system are constructed from the element (5). We also describe devices by means of
which core storage requirements may be reduced. Note that since the elements are
laid out and numbered systematically (see Fig. 2), we do not in fact need to store
the values [, m, n, and k for each and every element because there is a relationship
between these four values. If NV + 1 is the number of nodes in the v direction, then
for an interior element with nodal number / at its lower left-hand corner, the other
three nodal numbers are given by

m=I[+1
n=I[+(NV-1)
k=n+1.

Thus, once the value of [ is prescribed, the values of m, n, and k are also known.
In the assembly process, the elements

KA+ Lof* + M,

where K¢, L, and M* are 4 x4 matrices and ¢ is the 4x1 vector of nodal
parameters, are combined together to give the differential equations which govern
the whole system, viz,

Kt+ Lf+ Mf=0,
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where f is the N x 1 vector of all nodal parameters and K, L, and M are NxN
matrices. Suppose the rectangular element has nodes numbered (/, m, #, k), then the
typical element matrix S¢ will have the form

Se(L,l) Se(L,m) S(Ln) S k)
S¢(ml)

Here S° is used to represent the element matrices K¢, L¢, or M*. Now if S represents
the assembled matrix for the whole structure then the relation between S and S°¢
will be

S, ))=2 8°( /),

where the sum is over all elements and S here represents the assembled form of
K, L, or M.

In Fig. 4, we illustrate the assembled matrix S and show in boxes the
contributions made to it by the typical finite element (3, 16) (see Fig. 1). When
contributions from all the elements are included, S takes the form shown in Fig. 4a,
where the only non-zero matrix elements are shown as stars. One can see that the

a
LY 6\ 789 123 123456 789
N\ NN _ _
I R NG *-% o Tt T2 B
3.2 | KRR *O* ¥ AP XK KX K XK K¥
~ N NN N
2.3 LGN N LN LA R O K
1.4 N LN NN ERE KRR K KX
5 * *\\ RN * % PR TR SR
6 O X \*\*\ \*\*\ * X K E %X
7 RN LN LN KX R KRN
8 XX K *EE NN EoE K K K KX KK
9 NN * K K * K ¥ HE XK KK K XK
10 LN * *\\\ *;\ X KX X R
1 LN * % \*\\ xE KR XX
12 NN AR N NA XE R E R KK XK
3 *H e n ) —— xE Xk X PR B
14 ENN _E]\* \* * X ¥ [F)F] * KX ¥
15 **\\ **:\ **x E2E R 2R B O 4
16 *x \*\*\ \* * E2E S 3 R O )
EAN] * XK * % *\**\ I R XN
N )
g 18 * [F]3 E e LN * R *FFH * * *
71 @@\f\ DHE]\*\ * xR I #[HH * * % x
20 N ERA * % R OEE R R
2R ¥ \** \** XE K E XK
AN N
22 | x % % X * ERE R R K KRR
NN AAAN NN
23 NN * AR LN EEEE R KR F N
24 N LR *TH O S RS EE R S
25 x % * % -x-*J L** * * **J

FiG. 4. Position of the nonzero entries in the assembled matrix and, the associated block matrix
Fig. 4a for a periodic plasma in the x-direction with a phase plane divided into 30 elements with
NHE =S5 and NVE=6.



FINITE ELEMENT CODE 1. THEORY 195

matrix S has some structure imposed on it by the node numbering scheme and the
boundary conditions.

If the three matrices K, L, and M having this form are stored in memory without
modifications, many unnecessary zero elements are included. For example; the
matrix S in Fig. 4a includes 625 elements, of which 430 are zero. Storage can,
however, be reduced if we are able to. identify the indices of non-zero matrix
elements, and so omit from core most of the zero matrix elements. The way. this
may be accomplished is shown schematically in Fig. 4b. The diagonal lines shown
in Fig. 4a are rotated until they are vertical and the matrix elements translated into
the appropriate locations SB in Fig. 4b. The original relative vertical positioning of
the matrix elments is retained.

It is seen that the square stiffness matrix S of size (N x N) can in fact be replaced
by a rectangular array SB of size Nx9 thus saving an area of memory of size
N x (N—-9)x3, since § represents the 3 matrices K, L, and M.

6. DERIVATION OF A TIME-INDEPENDENT MATRIX A

The matrix M in (13) is of course a function of time since it includes E{(z). This
implies that M*¢ must be recalculated and M reassembled at each time step and this
is clearly undesirable.

Ways of removing the time-dependent part of the electric field from the integrand
have been devised. This was achieved by using an expression for the electric field
over a finite element in terms of its nodal values

E,
E=(1—3E4+282 48 — 487, —E+287%) Eyy =Fe=e”ET, (33)
E,
where
E=(1-3E+28%4E—48, —E4287) (34)
and
E,
e = El/z (35)
E,

is the vector which contains the nodal values of the electric field for the element
of interest and so it is independent of £ and # and can be taken outside any
integration. So, using (33) in (12), we have for the element (ij) of matrix M*

1t ON¢
M= —aeTj0 fo ETN;:’T—-# dé dn= —ae"™M¢

P A (36)
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where

1 el ONe
e* __ TareT 7 0J
M _jo fo ETNY L dedn

(37)

is itself a (3 x 1) matrix, independent of time. From (36) it is clear that each element
of the matrix M* has become the product of two matrices, one dependent on time,

namely e, and the other MY,

time independent. Now it is of interest to write the

(12 x 4) matrix M* as a combined form (as we did with its elements) such that the
assembling process can be carried out independently of the time level:

Mf*:ﬂdfdn

E N —L
| 3V

E,N¢'

E, Nfr_a?{

E,N§

( I
E NS —-

on

N

on
ONe

ON¢

E,N§' —

on
ONe

on
oNe

E Ny —1

on

r ON¢

o

For compatibility, we define e* as

E, E, E O
0 E, E, E
0 0 0 O
0 0 0 0

0 0

e¥ =

so that e* is of size (4 x 12).

E N2

EN"’

0

- ONE
£}

rON§

~ON3

on

0
0

E N¢T 22

- ON¢
o

6Ne 0N

35HW

0 0 0
0 0 o0
0

0 E, E, E
0 0 E, E, E

0

0

From (36), (38), and (39) it is clear that

where

[eTM:'}*]i,j=1, b

.....

e’ M)

e"™M¢;

E,N¢

E,N¢

E3Ne

El N4
E,N¢'

E ;N 2

3

+ ON¢
on
ONe'
on
0N
o
- ONe
on
dNe
on
ONe
on

L ON¢

4

0
0
0

E3

0
0
0

]

J

2

(38)

(39)

(40)

(41)
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and so M? is a product of two matrices one of which e* is time dependent and A
which is time independent. Now, since the matrix M*" is independent of time and
also independent of the nodal values for the electric field, M*” will be the same for
all the elements in the phase space for all time.

Before proceeding further, let us study the relation between the element matrices
and the nodal values for the electric field. Consider the example shown in Fig 2,
and notice that if we take the values of the electric field at the nodal points along
the x-axis to be Ey, E,, E,, .., E,, then the element matrices on the first strip (that
is, the elements (1, 1), (1, 2), ..., (1, NV)), where NV is the number of nodes in the v
direction, depend upon the nodal values Ey, E,,, and E, of the electric field, while
the element matrices for the elements on the second strip (that is (2,7},
(2,8), .., (2,2NV)) depend upon the nodal values E,, E;,, and E;, and so on for
the rest of the strips.

The contributions to the nodal point “14,” for example (see Fig. 2), depend on
those contributions from the surrounding elements, that is, the elements (2, 10),
(2, 11}, (3, 16), and (3, 17). Two of these four elements lie on strip two, that is, the
elements (2, 10) and (2, 11), while the others (3, 16) and (3, 17) lic on the third
strip. Consequently we cannot simply sum the contributions to the nodal point “14”
as in our previous assembly procedure, but have to find a new way of storing the
contributions and at the same time be able to combine them with the appropriate
nodal value of the electric field. To do so, let us assume that the rectangular
element e has the nodal numbers (/, m, n, k) and rewrite the matrix M< in the
compact form . . . .
My, MPL, MT MP
Mo, M, M, M,

M =
Mg, Mg, Mg, M| “2)
M MY, M7, MY
where the elements are themselves 3 x 1 column vectors
M
MO=| ML), bi=hmonk, (43)
M
the elements of which are given by
1 p1 aN?
exx € J = 4
My = | ENZLdzdn  p=1,23, (44)
so that M**" is a brick matrix of size (4 x 4 x 3).
The element matrices M' ,j; are now assembled into the matrix M* as
Mi’,kj,P-l—Z:ZMi;'TPS i=l,m,n,k;j=l,m;P=l, 2) 3’ (45)
Ml?,kj,P:ZM:i}rpa l=l, m, n, k;j=n7 k:P=1: 27 39 (46)
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where /[, m, n, and k are the nodal numbers of the rectangular element “e.” M* is a
brick array of size N x N x 5, where N is the total number of nodes. The matrix M *
is independent of time and need be calculated only once. We now rearrange the
nodal values of the electric field into a matrix of size N x 5 which on multiplication
by M * produces the square matrix M. This matrix is

Eyv_ Eyx_ip E, Ep E,
E, E, E, E;p E,

6= E, E3/2 Efz E5/2 E; (47)
EN—3 EN—S/Z EN——Z ENﬁl/Z EN——I'
EN~2 EN~3/2 EN——I EN—I/Z EO
Then
5
My= Y Mp2eq, p), (48)
r=1
where
g=1,2,..,2NX,
j=1,2,.,.N

i=(g—1)(NV—1)+1, .., g(NV—1),

and NV, NX are the number of nodes in the v and x directions, respectively. We can
easily reconstruct the time dependent matrix M, (13) by multiplying the time
independent brick matrix M ¥, by the time dependent “matrix” of electric field
values . The “matrix” ¢ is the only one that must now be recalculated at each time
step and since ¢ depends only on the nodal values of the electric field this is simply
and speedily accomplished.

To discuss the equality (48) and see what it means in real terms, suppose that ¢
has the value 1; then, accordingly, i will take the values 1, 2, .., (NV — 1), while j
has the values 1,2, 3, .., N. These values for i and j represent the first band of the
matrix M shown in Fig. 4a. Indeed these elements are the result of contributions
due to those elements lying on the first column of Fig. 2, and the elements on the
right-hand top corner of M are of these elements which lie on the last right-hand
column of Fig. 2. Therefore, as we discussed before, these contributions depend
mainly on the values ¢(1, P), P=1, 2, .., 5 of the electric field. If ¢ has the value 2
then i takes the values NV, .., 2(NV — 1), which represent the second band of the
matrix M, Fig. 4a. As before, we notice that the elements on that band derive from
contributions due to the elements of the first and second columns of Fig. 2.
Therefore, these contributions depend mainly on the values &2, P), P=1,2,..,5 of
the electric field. Proceeding in the same way for values of ¢ and i, the matrix M is
recovered.
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In part II we apply the finite element scheme for solving the Viasov equation
outlined in this paper to a range of test problems to provide a comprehensive check
on the accuracy of the method.
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